1 Gradient descent, natural gradient descent, mirror gradient
descent, and curved families

We work in the ambient exponential family

p(z | n) = h(z)exp((n,T(z)) — A(n)), neN CRY

with dual coordinates
n* =VA(n) e N7, n = VA*(n").

For data x4, ..., xy, define
- 1 X
T=— T

and consider the negative log-likelihood

Its gradient is -

so the optimum is characterized by moment matching,

n"=T.

1.1 Gradient descent

As usual, take an exponential family

p(x | n) = h(z)exp((n, T(x)) — A(m)), neNCRY,
with dual coordinates
n* =VA(n) e N7, n = VA*(n").

For data x4, ..., xy, define
. 1 N
T=— E T
Nn:l (wn)7

and consider the negative log-likelihood

L(n) = A(n) — (n,T), VyLl(n)=n"-T,

so the optimum is characterized by the usual moment matching

n*="T.

Ordinary gradient descent (GD) updates m by subtracting the gradient in the chosen
coordinates:

N1 = — oy 670, L(my).
Equivalently,
, 1
M1 = argmin {<VnL(m),n —m) + 5—In— mH2} :
n 204

This uses the Euclidean metric §;; as an external choice. In index language, 0;L is naturally
a covector, and the update inserts % to force it into a vector. Ordinary GD is therefore
coordinate-dependent.

For the exponential-family likelihood this becomes

77%+1 = 77% — 54 (m*,j - TJ)
It does not reflect the underlying geometry of the family.



1.2 Natural gradient descent

The exponential family carries the Fisher metric
gij(n) = 0:0;A(n),  ¢”(n*) = 79I A (n").
Natural gradient descent (NGD) replaces the Euclidean metric by this intrinsic one:

m’f+1 = 772' — Oy gij(nt) 95 L(my)-
Equivalently,

1

i1 = arg mnin {<V77L(nt)v n—n) + E(’? —m)"gij () (n — m)j} :

The metric is now intrinsic, but the step is still a local linear update in the primal coordinates.
The natural-gradient direction is reparametrization invariant, while the finite-step update remains
a local discretization.

For the exponential-family likelihood,

M1 =0 — o g” (me) (i — Tj).
Here, we use the tangent plane of the statistical manifold as guide, but the linear approximation
is not guaranteed to be accurate or respect parameter bounds.

1.3 Mirror gradient descent

Mirror gradient descent (MGD) replaces the Euclidean quadratic penalty by the Bregman
divergence generated by A,

Da(zi|n) = A(zi) — A(n) — (VAn), z; —n).
The update is
e = axgin { (Y, Ln).n1 = m)+ ~Dalnlm) }.
The first-order condition induced by the Bregman divergence is
VA1) = VA(n) — ar Vg L(ny),
that is,
Nig1 =M — o VyL(m).

Thus MGD induces a linear update in the dual coordinates n*. It uses the covector ;L with the
correct index position, without inserting 6 or ¢g* by hand. Of course, dual mean coordinates
could be used without the information-geometric background. What we have obtained, however,
is an answer to the question that ordinary GD cannot answer, namely, which coordinate system
to choose. In the exponential family, dual coordinates are flat, hence geodesic projections are
linear equations. Non-trivial problems arise via embedding curvature of curved exponential
(sub-)families.
For the exponential-family likelihood one obtains

M = —ou(ny —T) = (1 —a)nj + T
Hence MGD moves along the m-geodesic joining 1} and T, and the next primal iterate is

N1 = VA (ni44).



1.4 Boosting of MGD

We now formulate a boosting algorithm that approximates mirror gradient descent by updating
the dual coordinate n*(x) directly. The construction separates three levels:

1. the population objective under the true data-generating distribution P,
2. the exact MGD flow in the dual coordinate n*,
3. a weighted empirical tree algorithm based on unbiased pseudo-responses.

Throughout, expectations under the true distribution are written as E[-], while weighted
empirical averages are

By lg] = %Zwigu We=> w;,  w>0.
i=1 i=1

Population optimum. Consider a conditional exponential family

p(y | z,n(x)) = h(y) exp((n(z), T(y)) — An(z))),
with dual coordinate
n*(z) = VA(n(z)).
The population negative log-likelihood is
L[n] = E[A(n(X)) — (n(X), T(Y)) —log h(Y)].
For an infinitely expressive model, the minimizer is pointwise and satisfies
n'(z) =E[T(Y) | X = z].

Thus the optimal dual coordinate is the conditional mean of the sufficient statistic under the
true distribution.

Population MGD. At iteration ¢, bias the local objective by the Bregman divergence to the
previous iterate:

: . 1
(o) = argmin { AGn) — (.0 (@) + £ Dalrln@) }.
with constant learning rate o € (0, 1]. The first-order condition gives
i () = (1= a)ng (2) + an*(z).
Equivalently,
i () — i (z) = a(n™(z) — nf (z)).
So the exact mirror-descent direction in dual coordinates is

re(x) =" (2) — n (2).

Residual sufficient statistic as an unbiased target. Since
n'(x) =E[T(Y) | X = z],
the residual sufficient statistic
Ry :=T(Y) — 7 (X)
satisfies
E[R: | X = a] = n"(z) — 7 (x).
Thus R; is an unbiased estimator of the exact dual MGD direction.

This is the key observation: one can approximate the population MGD step by learning the
conditional mean of R; and updating #; additively.



Infinitely expressive regression class. If the regression class is rich enough to fit the
conditional mean exactly,

frr(@) =E[R, | X = z] = n*(z) — 7} (2),
then the additive update
i (x) =105 (@) + o frya (2)
becomes
i1 (@) = (1 — a)iy (z) + an’(z),
which is exactly the population MGD recursion. Hence the construction is exact in the infinitely
expressive limit.

Weighted empirical boosting algorithm. Let (z;,y;, w;) be a weighted sample. Initialize
flo(x) = ma,
with my € N* any admissible baseline (often mg = 0 when 0 € N*). Define the weighted
pseudo-response at round t by
R = T(y:) = i ().
Then
B[R | 2] = " (i) - i ().
Fit a tree fiy1 to the pairs (a;, Rgt)) with event weights w;, using any regression criterion whose
population minimizer is the conditional mean. The simplest choice is weighted least squares,

firr =g min 3w IR = )l
i=1

tree .

For a leaf J, the optimal constant prediction is the weighted mean residual

(t)
icg Wi R
fr1,0 = ey Wit :
Dicg Wi

Update
i1 (2) = 0 (2) + a frsa(2),
or, eventwise,
REHI) = Rz@ —a frp1(z).

After B rounds,

B
Mp(x) =mo+ Y afy(x),  is(z) = VA (1))
b=1

Why this is not natural gradient descent in disguise. This construction does not
reintroduce natural gradient descent through the back door. It starts from the exact mirror-
descent recursion

i = (L= a)ng +an’
in the distinguished coordinate system n* selected by the Bregman geometry of the family. The
residual target

T(Y) =0 (X)

is an unbiased estimator of the dual MGD direction itself. It is not, in general, the first term in
a Taylor expansion of the exact nonlinear leafwise problem in the primal coordinate 7, nor does
it amount to Fisher-preconditioned gradient descent in 7. Only in the infinitesimal-step regime
do all first-order schemes coincide locally. Here the learning rate is applied directly in the dual
coordinate n*, and the update rule is globally valid throughout the exponential family because
it is induced by the mirror map n* = VA(n).



Split criterion from leaf predictions: empirical algorithm. The fitted leaf values
immediately define the split criterion. Let J be a parent node and J = L U R a candidate split.
Define

S(t 1 t
We=Y w, Re = o SwiR,  Ce{JLR)
ieC ieC
Then the optimal constant predictions are exactly

fiv1,0 = RS).

For weighted least squares, the reduction in within-node residual loss is
Gainj8(J — L. R) = Wil|RYIP + Wl B | - W, | RD |1

So the split can be chosen using the child leaf predictions alone. This is the direct vector-valued
analogue of the usual CART variance reduction criterion.

Split criterion in the infinitely expressive limit. At population level, define
PO = E[R, | X € O] =E[T(Y) - n}(X) | X €C], pc:=Px(X Q).
(t)

Then the best constant predictor on C is ry’, and the population split gain is
: ¢ ¢ t
Gaingi(J — L. R) = pr|riy I + prllr II” = psr§ |

Thus the empirical split rule above consistently estimates the corresponding population improve-
ment in the dual MGD direction.

Entropy and the exact leafwise NLL criterion. There is a second, complementary

viewpoint. If one fits a tree exactly by weighted negative log-likelihood on a fixed partition

P = {J}, then in each leaf

>ics wi T'(yi)
Dies Wi

Inserting this back gives, up to the carrier term,

ny =

Ex[A®(X)) = (n(X), T(Y)] =~ > %A*(nﬁ)-
JeP

At population level the analogous expression is

— 3" Pu()) AEIT(Y) | X € J]).
JepP
So, for an exactly fitted tree, the optimized negative log-likelihood is a phase-space average of
—A*(n*). This is the generalized entropy story: —A*(n*) is the non-carrier part of the entropy
in the exponential family.
Accordingly, an exact leafwise split gain is

._en W PYK 3 W * (K W %
Gain™(J — L,R) = WLA (ng) + WRA (nR) — WJA (n7)

empirically, and
Gain"(J — L, R) = pp A" (n},) + prA* () — psA™(n))
at population level, where
ne = E[T(Y) | X € C.

This entropy gain is exact for a fully refit tree on a given partition and, in particular, for the first
tree when no previous prediction is present. The residual-boosting algorithm above should be
understood as a stagewise approximation to the global MGD flow, with Gain'®® as the practical
split rule and Gain® as the exact refit criterion for a standalone tree or partition.



Monitoring during training. The natural global quantity to monitor for the boosted model
itself is the weighted empirical negative log-likelihood

n

~ 1 R .
L3ln] = 557 > ws |Alie(w:)) = (), T(we)) = log hys)-
i=1
This is the empirical proxy for the population risk L[n;], and it directly measures predictive
performance.
The entropy story provides an additional geometric diagnostic. For a fully refit partition P,
the optimized NLL is, up to the carrier term,

Wy
- Z WA*(Q*J)-
JeP
Thus one may also monitor the corresponding generalized empirical entropy

) w 0 %
HY(P) == 3 57 A (0)):
JeP

For a boosted model this entropy quantity is no longer itself the training objective unless the
leaves are fully refit, but it remains useful as an interpretable summary of how much conditional
structure the partition captures.

Implementation summary for coding. Assume the following objects are available:
T(y), VA ()tomapn —n,  {(ziysw)his, & Firee
Then the MGD boosting loop is:
flo(x) = mo,
fort=0,1,...,
RY = T(ys) — i (),
(t)

7

. t
Je1 =afgfgflfl Zwi HRZ() _f(wi)Hz’
ee ?/

fit a weighted regression tree to the targets R

with leaf values
2icg Wi Rz(t)

fre1,0 =
Dicg Wi

update the prediction in the dual coordinate,
i1 (x) = 1 (2) + afrea (@),
optionally update residuals in place,
1
REH ) = REt) — afii1(wi),

and recover the natural coordinate only when needed,
Net1(z) = VA" (i1 (2)).
To choose splits in a node J, use
Gainy®®(J — L, R) = Wi|[R|” + Wr| R | — W | R|”.

To monitor training globally, use

Lelin) = 7 S wil Aln(w) = (), T(y:)) — log h(ys)]



1.5 Boosting of NGD

Natural-gradient descent suggests a second stagewise boosting construction, now based on
updating the natural coordinate n(z) itself. In contrast to MGD, this construction is local: the
Fisher metric is evaluated at the current iterate and used to precondition the sufficient-statistic
residual.

We again consider the conditional exponential family

p(y | z,n(x)) = h(y) exp((n(z), T(y)) — A(n(x))),

with dual coordinate
n*(x) = VA(n(z)).
The population negative log-likelihood is
Lp[n] =Ep[An(X)) — (n(X), T(Y)) —log h(Y)].
Its pointwise Euclidean gradient in the natural parameter is

VpLp(z) =n'(x) —Ep[T(Y) | X = z].
The Fisher metric of the family is
g(n) = V*A(n).
Hence the negative natural-gradient direction is
wle) = — g (@) "V, Lp(@) = glm() " (Ep[T(Y) | X = o] - i ()-
The population NGD Euler step is therefore
Mt1(x) = ne(z) + avy(x).

Residual sufficient statistic as an unbiased natural-gradient target. Define

Us = g(i (X)) (T(V) = (X)),
Then
Ep(U: | X = o] = g(u(@)) " (Ep[T(Y) | X = 2] — i (2)) = vi(x).

Thus Uy is an unbiased estimator of the population NGD direction.
If the regression class is infinitely expressive and can fit the conditional mean exactly, then

Jeri(@) =Ep[U; | X = 2] = vi(x)

and the stagewise update
f+1(x) = M(z) + a fipa(z)
reproduces the exact population NGD step.



Weighted empirical algorithm. Let (z;,y;, w;) be a weighted sample and define
" Zw i () = VA@(z). gl = glin(z:).
The empirical NGD pseudo-response is
U = (o) (T ) — 7 (@)

Fit a regression tree fi1 to the pairs (z;, Ui(t)) with event weights w;. The simplest choice is
weighted least squares:

tree .

n
. ¢
Jerr = arg min > wi U — fa)]”
fe =1
For a leaf J, the optimal constant leaf value is

D icg Wi Uz‘(t)

fi41,0 =
Dicg Wi

The update is then
fe+1(x) = M(z) + o fipa(z).
The corresponding dual prediction must then be recomputed through the Legendre map:

i1 () = VA1 (2)).

In contrast to MGD, the residual shift is therefore not linear in the fitted tree. The exact
updated sufficient-statistic residual is

Ry =T(Y) =01 (X) = T(Y) = VA@(X) + afir1 (X)),
and the next unbiased NGD target is obtained by recomputing

U1 = 9(He41(X)) Rey1.

Leafwise split criterion. Define

_ —w; U
We:i=3w, UF:= 72160; i, Ce{JLR}.
ieC ¢

Then the usual weighted regression gain is
Gainy P (J — L, R) = Wi | U |* + WU |* = WU}

Thus NGD boosting uses the same tree machinery as ordinary weighted regression, but on a
pseudo-response that has been preconditioned by the inverse Fisher metric.

Local versus global geometry. MGD becomes linear in the global dual coordinate n*, while
NGD remains a local tangent-plane approximation in the natural coordinate n. Indeed,
i1 = VAW + av) = i + ag(i)v + O(e?) = i + a(n® —ip) + O(a?),

so NGD and MGD agree to first order in «, but differ at finite step size. In this sense, MGD
is globally adapted to the exponential-family geometry, whereas NGD is its local quadratic
approximation.



Monitoring during training. As for MGD, the natural global quantity to monitor is the
weighted empirical negative log-likelihood

[ AG () — (). 7)) — lor ()|

P 1
L[] = W
=1

7

This directly measures predictive performance. One may again compare it to the exact partition-
level entropy criterion

~ Wy Picg Wi T'(yi)
A4(P) == Y (), oy = s L)
A, % W J J ey Wi

)

but for NGD boosting this entropy is an interpretive diagnostic, not the stagewise training
objective.

Implementation summary for coding. Assume the following objects are available:
T(y), VA(:) to map n +— n*, V2A(-) to compute g(), {(xi, v, wi) }iq, a, Fhree-
Then the NGD boosting loop is: initialize a natural-coordinate model 7jo(z), compute

Ak A 0 A

(@) = VA@o(@:), 9" = V> Alio(x:)),

and for t =0,1,...,

fit a weighted regression tree to the targets Ui(t),

fivr = arg min 3w U~ )|,

tree

with leaf values .
>icgwi U z'( :
> i) Wi

update the prediction in the natural coordinate,

fi1,0 =

9

Her1(z) = Ne(z) + afirr (),

then recompute
Ner1(@i) = VA1 (), g = V2 A1 (1)),

To choose splits in a node J, use
Gain} P (] — L, R) = Wi [T |2 + Wr| U |2 = WU |

To monitor training globally, use

Lyl = % > wi | Alin(ws)) — (), T(wi)) — log h(ys))-

i



Algorithmic simplification: recovering MGD from an NGD implementation. If
an NGD implementation already exists, then the tree-fitting machinery can be reused almost
verbatim for MGD. What changes is the coordinate bookkeeping. In NGD, one forms

U = (o) (T (i) — i (w2),

fits a tree in the natural coordinate, updates 7, and recomputes 7; = VA(7);). To obtain MGD
instead, one drops the Fisher-preconditioning factor g; 1 works directly with

R = T(y) — iy (),
fits the tree in the dual coordinate, updates
N1 = 0f + afig,
and maps back only when needed through
fliv1 = VA" ().

Equivalently: starting from an NGD code path, MGD is obtained by removing Fisher precon-
ditioning, changing the fitted coordinate from 7 to n*, and replacing the nonlinear residual
recomputation by the exact additive dual-residual update

R(H—l) = Rz(t) — Ckft+1(l'i).

7
So MGD is not literally the same algorithm as NGD, but algorithmically it is the simpler special
case once the exponential-family maps are available.
1.6 Primal—dual pairs and boosted realizations

The discussion above shows that, at the level of pointwise optimization in an unrestricted
function space, natural-gradient descent and mirror-gradient descent come in two primal—dual
pairs. Boosting changes this picture because the model class is no longer closed under the
nonlinear Legendre map n* = VA(n). This yields four practically distinct boosted algorithms:
two matched constructions, where the additive tree expansion is written in the coordinate in
which the corresponding update law is simple, and two crossed constructions, where the update
law is represented in the other coordinate.

1.6.1 Two pointwise update laws and their primal-dual pairings

Let F(n) be a smooth objective in the natural coordinate, and let
F(i") := F(VA* (1))
be its reparametrization in the dual coordinate. Since
gn) =V2Am), g (") = VA (") = g(n)"",

the chain rule gives N
Vi E(n") = g(n)_lvnF(n)-

There are then two distinct pointwise update laws.

10



The M-law. Mirror descent in the primal coordinate n with mirror potential A gives
e =n"—aV,F(@n).
Equivalently, natural gradient descent in the dual coordinate n* gives
Wp =0 —alg ()T Ve F(n') = 0" — a VyF(n).

Thus

| primal MGD = dual NGD.

This is the update law that is linear in the dual coordinate n*.

The N-law. Natural gradient descent in the primal coordinate 7 gives
e =1 —ag(n) 'V,F(n).
Equivalently, mirror descent in the dual coordinate n* with mirror potential A* gives
ny =n—aVyeFn') =n—agh) ' V,F@).

Thus

| primal NGD = dual MGD. |

This is the update law that is linear in the natural coordinate 7.

Exponential-family negative log-likelihood. For

F(n)=A(m) - (n,T),  V,F(n)=n"-T,
the M-law becomes B
=1 —a)n"+aT,
while the N-law becomes B
ne=n—ag(n) (n*=T).

These are the two pointwise update laws that underlie all four boosted algorithms below.

1.6.2 Matched and crossed boosted algorithms

The earlier subsections introduced the two matched boosted realizations: MGD boosting for the
M-law, written as an additive expansion in the dual coordinate n*, and NGD boosting for the
N-law, written as an additive expansion in the natural coordinate 7.

The reason these are the natural constructions is that the corresponding update laws are
simple in those coordinates:

M-law: linear in n*, N-law: linear in 7.

Boosting breaks the primal-dual equivalence because the model class is restricted. Indeed,
an additive tree model in 7,

B
MB(x) = fo(x) + > agyx),
b—1

is in general not mapped by VA to an additive tree model in n*, and conversely an additive tree
model in n*,

B
p(@) = 0y(x) + o folx),
b=1

is in general not mapped by VA* to an additive tree model in 1. Hence each pointwise update
law admits two distinct boosted realizations.

11



Matched realization of the M-law: MGD boosting in n*. This is the construction
developed above:

i1 (@) =0 (2) + afrr (),
with residual sufficient-statistic target

Ry =T(Y)-0;(X),  E[R | X =z]=n"(x) -0 (x).

This realization is exact in the infinitely expressive limit and admits the exact in-place residual
recursion

Ry =Ry — aft+1(X)-

Matched realization of the N-law: NGD boosting in n. This is the second construction
developed above:

fe+1(x) = M(z) + agir1(x),
with Fisher-preconditioned pseudo-response

Ur=g(e(X)"HTY) = (X)),  E[U;| X = 2] = g((2) "' (1" (2) — i ().

This realization is exact in the infinitely expressive limit for the N-law, but its residual transport
is nonlinear because after the primal update one must recompute

is1() = VA1 ().

Crossed realization of the M-law: additive trees in 7. Here the ideal pointwise target is
still the M-law

M1 () = (1= )i (x) + an™(z),

but the boosted model is represented additively in the natural coordinate:
Ne1(z) = Me(x) + agia(2).
The corresponding ideal primal increment is therefore
M, 1 * Ak * A
""" (@) =~ [VA((1 - )i (@) + o’ (@) — (@)

(M,m)

If one could fit ¢, (z) exactly, this would realize the M-law in a primal additive model. In
. . . (M,n) .
general, however, there is no simple unbiased sample-level pseudo-response for g, , precisely

because the map VA* is nonlinear. This is why the matched dual-coordinate realization is
algorithmically much cleaner.

Crossed realization of the N-law: additive trees in n*. Here the ideal pointwise target
is the N-law

1 () = Ge(x) + a g(fe(2)) ™ (0" (@) — 07 (2)),
but the boosted model is represented additively in the dual coordinate:
g1 (2) = 0 (2) + afega(2).

The corresponding ideal dual increment is

0™ (@) 1= [VA(u(a) + @ glie)) " o @) — 7 (@) ~ 7 ()]

Again, if one could fit qu’n*)(x) exactly, this would realize the N-law in a dual additive model.
In general there is no simple unbiased pseudo-response because of the nonlinear map V A. This

is the dual counterpart of the previous crossed construction.

12



Consequences. Thus the unrestricted pointwise duality collapses to four distinct boosted
algorithms:

1. M-law in the dual coordinate n* (matched; earlier MGD boosting),
2. N-law in the natural coordinate 7 (matched; earlier NGD boosting),
3. M-law in the natural coordinate n (crossed),

4. N-law in the dual coordinate n* (crossed).

The matched versions are the natural ones because they preserve the simple linear structure of
the corresponding pointwise update laws. The crossed versions are meaningful, but they lose
the simple unbiased pseudo-responses and exact residual recursions that made the matched
algorithms attractive.

1.6.3 Poisson example
For the Poisson family,
Am)=e’,  nt=p=e’,  np=logp,  gn)=p.
The two pointwise laws are
M-law: py = (1—a)u+aT,

and

T
N-law: 14 :n—a'u .
I

In Poisson language T is just the target mean.
The four boosted realizations are then all distinct.

(i) M-law in p: matched MGD boosting. The model is additive in pu:
frr1(2) = fu(x) + afra (@),
with unbiased target
Rt:Y—ﬂt(X), E[Rt ’X:.I'] :M($)—ﬂt($)

This is the clean affine residual recursion.

(ii) N-law in 7 = log u: matched NGD boosting. The model is additive in #7:

Nir1(x) = Ne(z) + ageyr (o),

with unbiased target
_ Y-m(X) Y

~ PN - 17
[t (X) fit(X)
since g(n) = p. This is the natural-gradient pseudo-response.

Uy

(iii) M-law in 7 = log i: crossed realization. The ideal next mean is
fit+1(x) = (1 — @) fie(z) + o p(w),
but the tree is additive in 7, so the ideal primal increment is

0" () = * [l05 (1 — a)jie(x) + o p(a)) — o ()]

This is different from the matched NGD target (1 — fit)/fiz.

z)
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(iv) N-law in u: crossed realization. The ideal primal update is

plx) — ()

fit+1(z) = Ne(z) + o (@)

so the corresponding ideal dual increment is

~ 1 @y exn( ML) )]

This is different from the matched MGD residual p — fi.

Hence even in the simplest non-Gaussian case, Poisson, the four boosted realizations are all
distinct. Only in the Gaussian family, where the map n <> n* is affine and the Fisher metric is
constant, do the distinctions collapse.

1.7 NEF-QVF specializations of the four boosted update laws

We now specialize the four boosted update laws to the six one-dimensional Morris families. In
one dimension we write

pi=n"=A4n), n=np=A4"w), V) =A"(n).

At a fixed boosting round ¢, let

p=ni(x), n=nlp), m=n(r)=ETY)|X =z

The learning rate is « € (0, 1].
Generic implementation templates. There are four boosted realizations.

(1) M-law in p (matched MGD). The pointwise target law is
pr = (1 —a)i+ am,
so the increment to be learned is
g™ (fr,m) = m — .
This admits the exact unbiased sample-level target
RY = T(y) — fu.
A tree is fitted to Rl(t), the model is updated additively in p,
firi1(z) = fu(z) + o fr1 (@),

and then mapped back through 7;y1(x) = n(fiz+1(x)).

(2) N-law in n (matched NGD). The pointwise target law is

N fu
Ny =nN+a s
V(i)
so the increment to be learned is
(N,») / ~ m — la
g " (fl,m) = ——
! V(i)



This admits the exact unbiased sample-level target

T(yi) — f
) = 0~ H
‘ V(Hi)

A tree is fitted to Ui(t), the model is updated additively in 7,
N1 () = Ne(x) + agera (),
and then mapped forward through fi;y1(x) = pu(fg1(z)).
(3) M-law in 7 (crossed realization). The pointwise target law is still
pt =1 —a)i+am,

but the boosted model is additive in 7. Hence the ideal primal increment is

™ (i, m) = = [n((1 = )+ am) — (@)

This is an oracle population target. In general there is no exact unbiased eventwise pseudo-
response obtained by replacing m with T'(y), because n(u) is nonlinear.

(4) N-law in p (crossed realization). The pointwise target law is still
m— fi
Vi(p)’

but the boosted model is additive in p. Hence the ideal dual increment is

) = = () + 028 ).

Ny =1+«

Again, this is an oracle population target and there is no exact unbiased eventwise pseudo-response
in general.

Core family data. All six families are specified by the cumulant A(7n), the gradient map u(n),
its inverse n(u), the variance function V' (u), and the dual potential A*(u) (up to an additive
constant). These are collected in Table

M-law in p: matched MGD boosting. The generic implementation is the same for all six
families:

Dics Wi Rz(t)

(t) .
R;" =T(y:) — fs, fte1,0 =
( ) o ZieJ Wy

, fu1(z) = fu(z) + afip1(x).

The only family-specific ingredients are the admissible domain of p, the map-back n(u), and, if
desired, the dual potential A*(u) for entropy monitoring. These are listed in Table

N-law in 7: matched NGD boosting. The generic implementation is again uniform:

T(y;) — i D e Wi Ui(t) . .
Ui(t) = W, gt+1,0 = ﬁ’ Hi1(@) = () + ages1(2),
7 i€ 7

followed by fit+1(x) = p(fe+1(x)). The family-specific ingredients are the forward map p(n), the

variance function V (i), and the resulting eventwise target Ui(t). These are listed in Table
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Family A(n) p(n) (k) V() A (p)
0'2772 0 HQ
Normal 02 odn 0—8 ol T‘%
Poisson e’ e’ log 7 wlog  — p
2
r r i
Gamma —rlog(—n — —— — —rlog u
=) -1 7 r v
Binomial Nlog(1l +e") N1 i o log N'ti . i (1 - ]'L\L]> wlog % + (N — pu)log ]; o
omi _ el re” H _
Neg. binomial rlog(l —e) o log m—— wll+ " plog p — (r + w)log(r + p)
4 p? 2, 2
GHS —2rlog(2cos(n/2)) rtan(n/2) 2arctan(u/r) 5 2p arctan(u/r) — rlog(r® + u)
r

Table 1: Core one-dimensional NEF-QVF family data, up to irrelevant additive constants in
A(n) and A*(p).

Family admissible u n(w) A* ()
1 1w
N 1 eR — —
orma 1 - 207
Poisson w>0 log plogu —p
Gamma w>0 T —rlog i
L
Binomial O<pu<N log K wlog L (N — 1) log —

N—pu N N
plog i — (r + p) log(r + p)

Negative binomial >0 lo
& H & +u

GHS nweR 2arctan(p/r) 2parctan(u/r) — rlog(r? + u?)

Table 2: Family-specific plug-ins for matched MGD boosting in the dual coordinate p = n*. The
generic eventwise target is Rz(t) =T(yi) — fi;-

M-law in 7n: crossed realization. The oracle pointwise target is

™ (i, m) = = [1((1 = )+ am) — (@)

This is the exact increment required to realize the affine M-law in a primal additive tree model.
The family-specific formulas are listed in Table [ In general there is no exact unbiased eventwise
pseudo-response obtained by replacing m with T'(y).

N-law in u: crossed realization. The oracle pointwise target is

ot (p,m) = é {u(n(/}) + QW) — ,1] .

This is the exact increment required to realize the N-law in a dual additive tree model. The
family-specific formulas are listed in Table Again, there is no exact unbiased eventwise
pseudo-response in general.

Practical interpretation. The two matched realizations are the algorithmically clean ones:

o M-law in u: additive trees in the dual coordinate with exact residual target R; = T'(y;) — fii,
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Family () V() vy’
T N — [
Normal 0377 ‘7(2) M
99
T -
Poisson el I (ylz a
) Hi
T ) —
Gamma - £ T (yi)g )
_777] T N (T IU’Z ~
Binomial ¢ W (1 - ,u) w
1+en N fi(N — fi;)
n Tlus) — fus
Negative binomial re wll+ N) w
— e L T fa(r + i)
s 20 (T(ys) — fu)
GHS t 2
rtan(n/2) 24 07

Table 3: Family-specific plug-ins for matched NGD boosting in the natural coordinate 7.

Family a (i1, m)
Normal m _2 B
a0
1 1—a)i
Poisson Zlog ( O‘)fi +am
i
Gamma _ r(m - ft)
A((1— a)p + am)
1 1— )i N —
Binomial Zlog ((A Q)i+ amA)( ft)
o AN = (1—a)i—am)
1 1—a)i ?
Negative binomial ~log ((A Q)i+ Om?) (r+ i)
«Q M(T+(1—a)u+am)

2
GHS — {arctan
«

()

Table 4: Oracle pointwise targets for the crossed realization of the M-law in the natural

coordinate 7.

e N-law in 7: additive trees in the natural coordinate with exact Fisher-preconditioned

target U; = (T'(yi) — ) /V ().

The two crossed realizations are mathematically well defined and are listed above for completeness,
but they no longer admit the same simple unbiased eventwise pseudo-responses because the

nonlinear Legendre map breaks the additive tree structure.

1.8 Curved exponential families

A curved exponential family is a lower-dimensional submanifold of the ambient family, parame-

terized by
Y ew CR™,
through an embedding

Its dual embedding is

17
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Family qu:#) (3, m)
Normal m—j
Poisson [l [exp (am — “) _ 1}
a p
Gamma, “(mA_ ft)
(1+a)i—am
]. N iy N o
Binomial = [’0 - ﬂ} 7 p= K exp <a ! (m H))
all+yp N - AN — )
1 - .
Negative binomial — { r_ /j] , p= K _exp (ai(m /f))
all—p r+f i(r + v)
GHS 1{ ta <acta (o)r) + 7“(??1—,&)) A]
— |rtan( arctan(i/r) + 0« ——== | —
e H r2 4 2 H

Table 5: Oracle pointwise targets for the crossed realization of the N-law in the dual coordinate
1h.

The curved negative log-likelihood is

L(y) = A(n(¥)) — (n(¥), T).

At iteration t, let
=),  m =n"(Yr),

and define the ambient mirror target
0 = (1 —a)n; + T, e = VA (7).

Thus 7} lies on the m-geodesic segment joining n; and T'. Since 7j; need not lie on the curved
model, the curved mirror step is the constrained Bregman projection

Y1 = arg 7/}mel\rlll Da(n(@)||7).

By the pairing identity D (nol|n) = Da=(n*||ng), this is equivalently

Ppy1 = arg glelg D (A In*(4)).

Hence curved mirror gradient descent consists of:
1. taking the unconstrained ambient mirror step along the m-geodesic in dual coordinates,
2. projecting back to the curved model by Bregman projection.

If n(P) is e-flat, then this is exactly the e-projection of 7; onto n(¥), and the generalized
Pythagorean theorem gives

Dam()7) = Dam(@)In(@r41)) + Dam(@ry)llf)  forall ¢ € .

If n*(V) is m-flat, the dual projection is governed by the dual Pythagorean identity in the same
way.

For a genuinely curved family one should not expect a global Pythagorean theorem in general;
what remains is the constrained minimization problem and its local orthogonality condition.
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Orthogonality and the three-point identity. At the minimizer, first-order optimality gives

Ny —n* (Y1), v) =0 for all v € Ty, yM(V).

This is exactly the orthogonality term in the three-point identity. Thus the residual m-direction
and every tangent e-direction at n(1;11) meet orthogonally. If the embedded model is flat, this
local statement upgrades to the full projection theorem and the corresponding Pythagorean
identity.

1.9 The six NEF-QVF families: divergences and mirror updates

We now specialize to the six one-dimensional NEF-QVF families. Write
pe=n(n)=AM),  Vp=A4"nk),

and let A* be the Legendre transform of A. The primal and dual Bregman divergences are
Da(mllno) = Alm) — A(no) — po(m — o),

Da=(pl|po) = A% (p1) — A" (o) — oy — po), 1 = A () = 1),

and satisfy the Legendre—Bregman pairing

Da(mllno) = Dax(poll1)-

To obtain explicit scalar updates, it is convenient to write mirror descent in the mean
coordinate p with mirror potential A*. Let

oL
= hy == .
gt EN (/Lt)7 t Qi gt

Then the mirror step is

Ner1 = N — hy, Ht+1 = 77*(7715 —h) = 77*(77(/%) - ht)a

or equivalently
n(te1) = nlpe) — he.

1. Normal family. Let

aon
A ==5-  w=dgn, V(=03
Then ,
1 H
Ar(p) = 22 _ "
(1) 207 n() 2

The divergences are

(11 — po)? (11 — po)?

Da(mlm) = =5  Da-(mllno) = =5
0 0

The mirror update is
pr1 = pu — 0g hy.
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2. Poisson family. Let

Then
A*(p) = plogp —p,  n(p) = logpu.
Hence
Da(mlno) = p1 — po — polog %,

M1
D g+ (pa | o) = p log i (111 — po)-

The mirror update is

—h
Pyl = pre .

3. Gamma family. Fix r > 0 and let
A(n) = —rlog(—n) +1logI'(r),  n <0,

so that

Up to an irrelevant additive constant,

A*(p) = —rlogp,  n(p) = -

Therefore

(mllno)—r<u—1—1 g — )

D g« (pallpo) =7 ( —1—log >
o 10

The mirror update is

hoy = B
T hepey
4. Binomial family. Fix N € N and let
A(n) = Nlog(1 + ¢" N v
(n) = Nlog(1+e"),  p=Ni——0, (u)—u(

Then, up to an additive constant,

* 1 N_M
A*(p) = plog = + (N — p)1
(1) = plog = + (N — p) log ———,
I
=1
n(w) BN,
Hence N
Ho — Ho
DA = lo — + N — lo )
(mllmo) = ko g (N = o) g
Da+(pullo) = o log ™2 + (N — ju1) log Al
o N — po

The mirror update is
M€
N .
N — g + pgehe

Hi+1 =
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5. Negative binomial family. Fix r > 0 and let
A(n) = —rlog(l —e€"), 7 <0,

so that

Up to an additive constant,

A" () = plog p — (r + p) log(r + p),

=lo .
n(p) grﬂb

Hence
)

T+ U1

T+ 1
T+ o

)

D a(mlno) = polog % — (r + o) log

1
D a«(pa |l o) = i1 log % — (r+ 1) log

The mirror update is

7 et

g — e

Htt1 =

6. Generalized hyperbolic secant family. In the canonical form,

A(n) = —2rlog(2 cos(n/2)), n € (—m,m),

with

)

p=rtan(n/2),  V(p) =3+

|3
Sk

Then
n(p) = 2arctan(p/r),

and, up to an additive constant,
A*(p) = 2parctan(u/r) — rlog(r? + p?).

The primal divergence is
2

2
Da(mlno) = rlog 702—1_7[% — 20 {arctan('ul) — arctan<”0>} ,
U T r

and the dual divergence is
2 2
D p+(p1||po) = —rlog% + 21 [arctan<m> - arctan('uo)] :
4+ g r r
The mirror update is

( et ht)
Ui+1 = rtan| arctan— — — | .
r 2
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Family n(w) mirror update fi41

Normal pjod e — oahy
Poisson log 1 e
Tt
Gamma —r —_—
/h T+ hip
°w Mteiht
Bi ial log +—
inomia 0g ¥, E——
—hs
Negative binomial log -4 " Hee -
T T+ e — ppe” "
pe o hy
GHS 2arctan(u/r) rtan(arctan— — )
,

Table 6: Mean-coordinate mirror updates for the six NEF-QVF families, with h; = aygy,
9t = OL/0u(pt), and n(prs1) = n(pe) — he.
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